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Abstract—We consider solving ill-posed imaging inverse
problems without access to an image prior or ground-
truth examples. An overarching challenge in these inverse
problems is that an infinite number of images, including
many that are implausible, are consistent with the observed
measurements. Thus, image priors are required to reduce
the space of possible solutions to more desireable recon-
structions. However, in many applications it is difficult
or potentially impossible to obtain example images to
construct an image prior. Hence inaccurate priors are often
used, which inevitably result in biased solutions. Rather
than solving an inverse problem using priors that encode
the spatial structure of any one image, we propose to solve
a set of inverse problems jointly by incorporating prior
constraints on the collective structure of the underlying
images. The key assumption of our work is that the
underlying images we aim to reconstruct share common,
low-dimensional structure. We show that such a set of
inverse problems can be solved simultaneously without the
use of a spatial image prior by instead inferring a shared
image generator with a low-dimensional latent space. The
parameters of the generator and latent embeddings are
found by maximizing a proxy for the Evidence Lower
Bound (ELBO). Once identified, the generator and latent
embeddings can be combined to provide reconstructed
images for each inverse problem. The framework we
propose can handle general forward model corruptions,
and we show that measurements derived from only a small
number of ground-truth images (< 150) are sufficient for
“prior-free” image reconstruction. We demonstrate our
approach on a variety of convex and non-convex inverse
problems, ranging from denoising, phase retrieval, and
black hole video reconstruction.

I. INTRODUCTION

In imaging inverse problems, the goal is to recover
the underlying image from corrupted measurements,
where the measurements and image are related via an
understood forward model: y = f(x) + 7. Here, y
are measurements, x is the underlying image, f is a
known forward model, and 7 is noise. Such problems
are ubiquitous and include denoising [6, 17], super-
resolution [7], compressed sensing [8, 16], phase re-
trieval [18], and deconvolution [32]. Due to corruption
by the forward model and noise, these problems are
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often ill-posed: there are many images that are consistent
with the observed measurements, including ones that are
implausible.

To combat the ill-posedness in imaging problems,
solving for an image traditionally requires imposing
additional structural assumptions to reduce the space of
possible solutions. We encode these assumptions in an
image generation model (IGM), whose goal is to capture
the desired properties of an image’s spatial structure.
IGMs are general, as they can encompass probabilistic
spatial-domain priors (e.g., that encourage smoothness
or sparsity), but also deep image generators that are
not necessarily probabilistic but are trained to primarily
sample a certain class of images.

In order to define an IGM, it is necessary to have
knowledge of the underlying image’s structure. If images
similar to the underlying image are available, then an
IGM can be learned directly [41, 52, 4]. However, an
abundance of clean images is not available for many
scientific imaging modalities (e.g., geophysical imaging
and astronomical imaging). Collecting images in these
domains can be extremely invasive, time-consuming,
expensive, or even impossible. For instance, how should
we define an IGM for black hole imaging without having
ever seen a direct image of a black hole or knowing what
one should look like? Moreover, classical approaches
that utilize hand-crafted IGMs, such as total variation
[23] or sparsity in a wavelet basis [34], are prone to
human bias [31].

In this work, we show how one can solve a set
of ill-posed image reconstruction tasks without prior
information about an image’s spatial structure. The key
insight of our work is that knowledge of common struc-
ture across multiple images is sufficient regularization
alone. In particular, we suppose we have access to a
collection of noisy measurements {y®}~ , which are
observed through (potentially different) forward models
y® = fO(2®) 41 The core assumption we make is
that the underlying images {2V}, are drawn from the
same distribution (unknown a priori) and share common,
low-dimensional structure. Thus, our “prior” is not at the



spatial-level, but rather exploits thellective structure 2) We only have access to a collection of measurement
of the underlying images. This assumption is satised in  examples, where each example comes from a dif-
a number of applications where there is not access to an ferent underlying image. The number of examples
abundance of clean images. For instance, although we N is small, e.g.N 6 150

might not know what a black hole looks like, we might 3) For each underlying image(") we wish to recon-
expect it to be similar in appearance over time. We show  struct, we only have access to a single measurement

that under this assumption, the image reconstruction exampley() = f )(x()+ () Thatis, we do not
posteriorsp(xjy‘)) can be learned jointly from a small have multiple observations of the same underlying
number of examplefy()gN, due to the common, image. Note each() can be potentially different.

low-dimensional structure of the collectidix(V g\, .
Speci cally, our main result is that one can capitalize o&. Model selection

this common structure by jointly solving for 1) a shared \;54el selection techniques seek to choose a model

image generatoG and 2)N low-dimensional latent , ¢ pest explains data by balancing performance and

distributions g ), such that the distribution_inducedmodel complexity. In supervised learning problems with
by the push-forward off «) throughG approximately g ciently large amounts of data, this can be achieved

captures the image reconstruction postepiory(") for simply by evaluating the performance of different can-
each measurement exampl@ [N]. didate models using reserved test data [46]. However,
A. Our Contributions in image reconstruction or other inverse problems with
limited data, one cannot afford to hold out data. In
We outline the main contributions of our work, whichthese cases, model selection is commonly conducted
is an extension to our prior work presented in [19]:  ysing probabilistic metrics. The simplest probabilistic
1) We solve a collection of ill-posed inverse problemsetric used for linear model selection is adjustetl R
without prior knowledge of an image's spatial struct37]. It re-weights the goodness-of- t by the number of
ture by exploiting the common, low-dimensionalinear model parameters, helping reject high-dimensional
structure shared across images. This common strygrameters that do not improve the data tting accu-
ture is exploited in inferring a shared IGM with aracy. Similar metrics in nonlinear model selection are
low-dimensional latent space. Bayesian Information Criterion (BIC) [42] and Akaike
2) To infer this IGM, we de ne a loss inspired byInformation Criterion (AIC) [1]. AIC and BIC com-
the evidence lower bound (ELBO). We motivatgpute different weighted summations of a model's log-
this loss by showing how it aids in “prior-free” likelihood and complexity, offering different trade offs
image reconstruction by helping select one IGNpetween bias and variance to identify the best model for
from a collection of candidate IGMs using a singleéd given dataset.
measurement example. In our work, we consider the use of the ELBO as a
3) We apply our approach to convex and non-converodel selection criterion. In [9, 10], the use of the ELBO
inverse problems, such as denoising, black hols a model selection criterion is theoretically analyzed
compressed sensing, and phase retrieval. We estabd rates of convergence for variational posterior estima-
lish that we can solve inverse problems withouion are shown. Additionally, [48] proposes a generalized
spatial-level priors and demonstrate good perforlass of evidence lower bounds leveraging an extension
mance with only a small number of independemf the evidence score. In [47], the ELBO is used for
measurement examples (e.§.,150). model selection to select a few, discrete parameters
4) We theoretically analyze the inferred IGM in lineammodeling a physical system (e.g., parameters that govern
inverse problems under a linear image model tine orbit of an exoplanet). A signi cant difference in our
show that in this setting the inferred IGM performsontext, however, is that we use the ELBO as a model
dimensionality reduction akin to PCA on the col-selection criterion in &igh-dimensionalmaging context
lection of measurements. and we optimize the ELBO over a continuous space of
possible parameters.

Il. BACKGROUND AND RELATED WORK .
B. Learning IGMs

We now discuss related literature in model selection \njith access to a large corpus of example images
and learning-based IGMs. In order to highlight our key g possible to directly learn an IGM to help solve

contributions, we emphasize the following assumptiongyerse problems. Seminal work along these lines uti-
in our framework: lizing generative networks showcased that a pre-trained
1) We do not have access to a set of images from tigenerative adversarial network (GAN) can be used as
same distribution as the underlying images. an IGM in the problem of compressed sensing [4]. To



solve the inverse problem, the GAN was used to cofrom the same limiting distinctions as N2N (i.e., 1), 2),
strain the search space for inversion. This approach wasd 3)).

shown to outperform sparsity-based techniques with Bloise2Void [27] and Noise2Self[3] assume that the
10x fewer measurements. Since then, this idea has bémage can be partitioned such that the measurement
expanded to other inverse problems, including denoisimpise in one subset of the partition is independent
[22], super-resolution [36], magnetic resonance imagirgpnditioned on the measurements in the other subset.
(MRI) [2, 44], and phase retrieval [20, 43]. However, th@his is true for denoising, but not applicable to general
biggest downside to this approach is the requirement of@arward models. For example, in black hole and MRI
large dataset of example images similar to the underlyimgmpressed sensing, it is not true that the measurement
image, which is often dif cult or impossible to obtain innoise can be independently partitioned since each mea-
practice. Hence we consider approaches that are ablestwement is a linear combination of all pixels. While
directly solve inverse problems without example imagethis makes Noise2Void and Noise2Self more restrictive

Recently, methods that learn IGMs from only noisyn the corruptions they can handle compared to RARE,
measurements have been proposed. The main four dfY also don'trequire multiple observations of the same
tinctions between our work and these methods are ti#tderlying image. Hence the main differences between
these works either: 1) require multiple independetf€se works and our own are distinctions 2) and 3).
observations of thesame underlying image, 2) can AmbientGAN [5] and other similar approaches based
only be applied to certain inverse problems, 3) requi®) GANS [25] and VAEs [38, 35] have been proposed
signi cantly more observations (either through mord® léarmn an IGM directly from noisy measurements.
observations of each underlying image or by obserfor instance, AmblentGAN aims to learn a generator
ing more underlying images), or 4) require signi cantvhose images lead to simulated measurements that are

hyperparameter tuning based on knowledge of examrypistinguishable from the observed measurements; this
images. generator can subsequently be used as a prior to solve
Noise2Noise (N2N)[30] leams to denoise images bymverse problems. However, AmbientGAN requires many

L . o measurement examples (on the order of 10,000) to
training on a collection of noisy, independent observa-

. ) r high lit nerator. W rroborate thi
tions of thesameimage. To do so, N2N learns a neuraP _oduce a high quatty generato e comoborate nis
with experiments in Section IV to show that they require

network  whose goal is to map between noisy |magel%any independent observations and/or ne tuning of

y and denoised images. _Smce_ I ha_s_no derwlsedlearning parameters to achieve good performance. Thus,
image examples to supervise training, it instead emplo S main distinctions between AmbientGAN and our
a loss that maps between noisy examples of the same

underlying image. This objective is as follows: Wark are 3) and 4).
ying ge. I ' Deep Image Prior (DIP) [51] uses a convolutional

X ()n. (i) neural network as an implicit “prior”. DIP has shown
argmin - Eiy Eoy ILC 17)y2")l (1) strong performance across a variety of inverse problems
i=1 to perform image reconstruction without explicit prob-
whereyj(i) corresponds to a noisy observation of fhe abilistic priors. However, it is prone to over tting and
th underlying imagex(, andY; is a distribution of requires selecting a specic stopping  criterion. Wh!le
noisy images wher& y , [y] = x. This N2N objective th!s Works_ well Whe_n example_lmages exist, selecting
requires at least two observations of the same image dh#f Stopping condition from noisy measurements alone
is limited by the assumption that the expected value #ttroduces signi cant human bias that can negatively
multiple observations of a single image is the underlyingPact results. Thus, the main distinction between DIP
image. Thus, N2N is only applicable to denoising protnd our work is 4).
lems where the forward model is the identify matrix with [1l. APPROACH
independgnt noise on each pixel. Additio_nally, in practice In this work, we propose to solve a set of inverse
N2N requires thousands of underlying images (i), proplems without prior access to an IGM by assuming
to perform well. Thus, N2N's main distinctions with ourihat the set of underlying images have common, low-
work are distinctions 1), 2), and 3). dimensional structure. We motivate the use of optimizing
Regularization by Artifact Removal (RARE) [33] the ELBO to infer an IGM by showing that it is a
generalizes N2N to perform image reconstruction fromood criterion for generative modaelectionin Sec-
measurements under linear forward models. That is, ttien IlI-A. Then, by optimizing the ELBO, we show
objective in Equation (1) is modi ed to include a pseudoin Section IlI-B that one can directlynfer an IGM
inverse. Nonetheless, multiple observations of the sarfirem corrupted measurements alone by parameterizing
underlying image are required, such tEgty [AYy] = x the image model as a deep generative network with a
for the pseudo-inverse matriky. Thus, RARE suffers low-dimensional latent distribution. The IGM network



Fig. 1: We propose to solve a collection Nf ill-posed inverse problems by exploiting the common, low-dimensional structure

of the underlying images. Given a setMf measurement examplég)gl; from N different underlying images, we propose

to model each image posterior as the output of a shared IGM with a low-dimensional latent space. In particular, each posterior is
approximated bys ]q (i), the push-forward off (i) throughG , whereG is the shared, common generator toMllexamples

andq ¢, is a low-dimensional, variational distribution particular to théa example. The inferred parametersandf (g, ,
are colored in blue and the loss iSELBOProxy , which is given by Equation (4).

weights are shared across all images, capitalizing dme ELBO of an IGMG given measurementg under
the common structure present in the data, while thariational distributiorh is de ned by

parameters of each latent distribution are learned jointly N -

with the generator to model the image posteriors for each ELBO(G:h 5y) = B l(x)[log p(yix; G)
measurement example. +log p(xjG) logh (x)]: (2)

Rearranging the previous equation, we see that by the
non-negativity of the KL-divergence that

In order to accuratelyinfer an IGM, we motivate ey = -
the use of the ELBO as a loss by showing that it '°gP(YIG) = D (h () k plx}y; G))
provides a principled criterion foselectingan IGM +ELBO( G;h 1)
to use as a prior model. Suppose we are given noisy > ELBO(G;h ;y):
measurements from a single image:= f(x) +
In order to reconstruct the image, we traditionally
rst require an IGM G that captures the distribution 10g9p(Gjy) > ELBO(G;h ;y) +log p(G) logp(y):

x was sampled from. A natural approach would be Qe thatlogp(y) is independent of the parameters
nd or select the modelG that maximizes the model ¢ interest, . If the variational distributionh (x)

posterior distributionp(Gjy) / p(yjG)p(G): That is, is a good approximation to the posteriptxjy:G),
conditioned on the noisy measurements, nd the IG 0. Thus, maximizinglogp(Gjy) with re-
of highest likelihood. Unfortunately computing(yjG) spect toG is approximately equivalent to maximizing
is intractable, as it requires marginalizing and integratingLBo(G. h :y)+log p(G)

over all x encompassed by the IGM&. However, we S ;

show that this quantity can be well approximated usin[%in properties of the IGMG. In particular, the rst

the ELBO. term in the ELBO,Ex 1 (x[logp(yjx;G)], requires

To motivate our discussion, we rst consider estimatfhat G should lead to an image estimate that is con-
ing the conditional posteriop(xjy; G) by leaming the gjgtent with our measuremenis The second term,

parameters of a variational distributiom (x). Observe Ex 1 oollogp(xjG)], encourages images sampled from
that the de nition of the KL-divergence followed by an, (x) to have high likelihood under our model. The

application of Bayes' theorem gives nal term is the entropy termE, ([ logh (x)],

A. Motivation for ELBO as a model selection criterion

Thus, we can lower bound the model posterior as

Each term in the ELBO objective encourages cer-

. _ h (x) which encourages & that leads to “fatter” minima that
D (h () kp(xjy; G)) := Ex n (o log p(xjy; G) are less sensitive to small changes in likely images
_ h ()P(yiG) underG.
=B n (v log p(Yix; G)p(XjG) 1) ELBOProxy: Some IGMs are explicit, which al-

- Py : lows for direct computation dbgp(xjG). For example,
Ex n (xllog P_(foyG) +log p(xjG) logh (x)] if our IGM modelsx as isotropic Gaussian with vari-
+log p(yjG): ance , then logp(xjG) / 1kxk3. In this case,



we can optimize the ELBO de ned in Equation (2)of a point in the range o6 [26] via
directly and then perform model selection. However, an S Lron:
important class of IGMs that we are interested in areIOg P(XjG) =log pz (G ~(x)iG)
those given by deep generative networks. Such IGMs }|ogjdet[JG(G YN TIs(G (X))
are not probabilistic in the usual Bayesian interpretation 2

of a prior, but instead implicitly enforce structure in thevhereG * is the inverse ofG on its range. Likewise,
data. A key characteristic of many generative networknceh is the push-forward ofy throughG, we can
architectures (e.g., VAEs and GANSs) that we leverage @g®mpute the entropy as

that thgy generate high—dimen;ional images fr.om Iow—Iogh (x)=log q (G 1(x))

dimensional latent representations. Bottlenecking helps 1

the network learn global characteristics of the underlying ~logjdet[Jc(G *(x))TIc(G *(x)j:
image distribution while also respecting the low intrinsic 2

dimensionality of natural images. However, this meanshus, forx 2 range(G), we have that

that.vx{e can only compuﬂeg_p(ij) .directly if we have logp(xjG) logh (x)

an injective map [26]. This architectural requirement i G 1x)iG) | G 1 )
limits the expressivity of the network. = log pz ( (x)IG)  logq ( (x)):
Observe, that fox  h (x) = Glq (2), x = G(2) for

We instead consider a proxy of the ELBO that i .
q (2), giving G Y(x) = G YG(2)) = z.

especially helpful for deep generative networks. That iS°™M€Z2
suppose our IGM is of the forrt = G(z). Introduc- hus,
ing a variational family for our latent representationg, 0 llogp(xjG) logh (x)]

z g (z2) and choosing a latent prior distribution _ 1ron: 1
logpz (zjG), we arrive at the following proxy of the Ex n oollogpz (G . (X)JG)_ logq (G (Xz)]
ELBO: = E; q (»llogpz (G “(G(2))jG) logq (G “(G(2))]
ELBOProxy(Giq :y) := E; q llogp(yiG(z)) o2 o @[09pz(21G) loga (2)]
+log pz (ziG) logq (2)]: (3) -

In our experiments, we choge (zjG) to be an isotropic _An_important consequence of this res_:ult is tha’F for
Gaussian prior. This is a common choice in man{péctive generator§, the inverse ofs (on its range) is

generative modeling frameworks and has shown to Bt required for computing thELBO. In this case, the

, hi L , id tion 11I-A2 and Figure 2, we experimentally show that
hTO motw:;te this proxy, it ISI qustr%ctw; 10 considelyis proxy can aid in selecting potentially non-injective
,t ethcase V:} fere oudr V?rlatllotnat dI'Sttn'bUI'L' n :h Gla h generative networks from corrupted measurements.
IS the push-lorward of a fatent distributian throug 2) Toy example: To illustrate the use of the
an injective or invertible functiorG. It follows from : o
- .. ELBOProxy as a model selection criterion, we con-
the de nition of the push-forward thax Glg if . .
DO . duct the following experiment that asks whether the
and only if x = G(z) wherez g . While not all ; . .
eneratorsG will be injective, quality generators areELBOPrOXy can identify the best model from a given
g ) » Yy 9 set of image generation models. For this experiment, we

largely |njectE/e over high I|kgl!hoqd image samples. Irﬂjse the MNIST dataset [29] and consider two inverse
the caseh = G]q for an injective functionG, the

ELBO and ELBOProxy are equivalent, as shown in th%roplems: gegoising anhd }:l)hasg ;et'ri(a.\/za.ll'. .\{\{e train agen-
following proposition: €rative model5, on each clase 0;1;2;:::;9gusing
the clean MNIST images directly. Heno8. generates

images from classvia G.(z) wherez N (0O;1). Then,
given noisy measuremenys from a single image from
classc, we ask whether the generative mo@glfrom the
appropriate class would achieve the bE&BOProxy .
ELBO(G;h ;y) = ELBOProxy( G;q ;y) 8y 2 R™:  EachG. is the decoder of a VAE with a low-dimensional

latent space, with no architectural constraints to ensure

Proposition 1. SupposeG : R I R" is an injective
function and letp(xjG) be Glpz. If h = G]gq for a
latent variational distributionq , then

Proof. It suf ces to show injectivity. For denoising, our measuremepts ge=
. .2 — nc
E«  (0[logp(xjG) logh (x)] Xc+ o where o N (0; %) and = 05 For
_ . phase retrievaly. = jF (xc)j+ ¢ whereF,is the Fourier
= Bz q (»[logpz(zIG)  logq (2)] transform and . N (0; 21) with = 0:05.

LetJg(z) 2 R" X denote the Jacobian & at an input ~ We construct10 10 arrays for each problem,
z. SinceG is injective, we can compute the likelihoodwhere in thei-th row andj-th column, we compute



the ELBOProxy obtained by using modelG; ;

to reconstruct images from class 1. We calculate
ELBOProxy( G¢; q .;Yc) by parameterizing) . with a
Normalizing Flow and optimizing network weights.

to maximize (3). The expectation in tiE.BOProxy is
approximated via Monte Carlo sampling. Results from
the rst 5 classes are shown in Fig. 2 and the full arrays
are shown in the Supplemental. We note that all of the
correct models are chosen in both denoising and phase
retrieval. We also note some interesting cases where the
ELBOProxy values are similar for certain cases, such
as when recovering th8 or 4 image. For example,
when denoising thé image, bothG, and Gy achieve
comparabldeeLBOProxy values. By carefully inspecting
the noisy image ofl, one can see that both models are
reasonable given the structure of the noise.

B. Simultaneously solving many inverse problems

As the previous section illustrates, tf#BOProxy
provides a good criterion for choosing an appropriate
IGM from noisy measurements. Here, we consider the
task of directly inferring the IGM from a collection
of measurement examplgd?) = fO(x®)+ O for
i 2 [N], where the parameters are found by optimizing
the ELBOProxy . The key assumption we make is that
common, low-dimensional structure is shared across the
underlying imagesfx(Vg\, . We propose to nd a
sharedgeneratorG with weights along with latent
distributionsq ) that can be used to reconstruct the
full posterior of each imag&(!) from its corresponding
measurement exampig!). This approach is illustrated
in Fig. 1. Having the generator be shared across all
images helps capture their common collective structure.
.EaCh forward .mOdel .Corrumlon’ hpwever, likely mducg"gi . 2: We consider two inverse problems: denoising and
its own complicated image po;terlors. Hence,.we_ ass'gf?ase retrieval. Top: the two topmost rows correspond to
each measurement example) its own latent distribu- the ground truth image. and the noisy measuremenys.
tion to capture the differences in their posteriors. Noteenter: in each column, we show the means of the distribution
that because we optimize a proxy of the ELBO, th#@duced by the push-forward @; and each latent distribution

inferred distribution may not necessarily be the trug 9 forj 2f0;:::;9g. Bottom: each column of the array

. teri but it still i distributi forresponds to the ELBOProxy achieved by each model
Image posterior, but It stll captures a distrioution Of, reconstructing the images. Here, lower is better. Boxes

images that t to the observed measurements. highlighted in green correspond to the besELBOProxy
a) Inference approach:More explicitly, given a values in each column. In all these examples, the correct model

collection of measurement examplds/()g\,, we Wwas chosen.

jointly infer a generatorG and a set of variational

distributionsfq ,gN; by optimizing a Monte Carlo

estimation of theELBOProxy from Equation (3), de- Here, we consider having sparse neural network weights

scribed by: as a form of regularization and use dropout [45] during
LN training to represenbgp(G ).
maxﬁ ELBOProxy(G ;q «);y") +log p(G ): Once a generatolG and variational parameters
D O () have been inferred, we solve theth inverse

(4)  problem by simply sampling® = G (2M) where
In terms of choices fologp(G ), we can add additional 2('|):, q o (zM) or computing an averagg!’) =
regularization to promote particular properties of thé th1 G (zt(')). Producing samples for each inverse
IGM G , such as having a small Lipschitz constanproblem can help visualize the range of uncertainty



Fig. 3: Improvement with an increasing number of noisy observationsWe demonstrate our method of inferring an IGM to
perform denoising for increasing number of noisy MNIST images (5, 75, and 150 images from left to right). We showcase results
on three randomly selected examples that appear in each collection of inverse problems. In each panel, we include the ground
truth, noisy measurements, mean of the posterior, and standard deviation of the posterior. We also include the reconstructions
using an IGM trained on the full clean MNIST 8's class (6000 images). We observe that the mean reconstructions and standard
deviations from our low-data IGMs become more similar to the full-data IGM with increasing data.

Fig. 4: Denoising 95 images of a celebrityWe demonstrate our method described in 11I-B using 95 noisy images of a celebrity.

Here we show the underlying image (top), noisy measurements (middle), and mean reconstruction (bottom) for a subset of the
95 different noisy images. Our reconstructions are much less noisy than the measurements and exhibit sharper features that are
hard to discern in the noisy images. Note that no spatial-domain prior/regularizer was used in denoising.

under the learned IGM5 , while the expected value the same hyperparameters are used for all experiments
of the distribution empirically provides clearer estimatedemonstrating our proposed method.

with better metrics in terms of PSNR or MSE. We report In our experiments, we also compare to the following
PSNR outputs in our subsequent experiments and alsaseline methods: AmbientGAN [5], Deep Image Prior
visualize the standard deviation of our reconstructiongDIP) [50], and regularized maximum likelihood using
total variation (TV-RML). AmbientGAN is most similar

to our setup, as it constructs an IGM directly from
measurement examples; however, it doesn't aim to es-

We now consider solving a set of inverse problem@“ate image reconstruction posteriors, but instead aims
via the framework described in I1I-B. For each of thest léarn an IGM that samples from the full underlying
experiments, we use a multivariate Gaussian distributi@fior- TV-RML uses an explicit total variation regular-
to parameterize each of the posterior distributions, ization, while DIP uses an implicit convolutional neural
and a Deep Decoder [21] with layers of size150, a Network “prior”. As we will show, all these baseline
latent size o#40, and a dropout 010 # as the IGM. The Methods require ne-tuning hyperparameters to each set

multivariate Gaussian distributions are parameterized B measurements in order to produce the best results.
means and covariance matrices(); () = yUT + All methods can also be applied to a variety of inverse

"l'gN,, where"l with " = 10 3 is added to the Problems, making them appropriate choices as baselines.
covariance matrix to help with stability of the optimizaA- Denoising

tion. We choose to parameterize the latent distributionsWe show results on denoising a collection of noisy
using Gaussians for memory considerations. Note thatages of 8's from the MNIST dataset in Fig. 3 and de-

IV. EXPERIMENTAL RESULTS



Fig. 5: Denoising baseline comparisonsWe compare to various baselines (AmbientGAN, Deep Image Prior (DIP), and
regularized maximum likelihood using TV (TV-RML) with weight), and we report the average PSNR across all 95
reconstructions. We show both early stopping and full training results using DIP. Our method exhibits higher PSNR than
all other baselines while maintaining distinct features of the underlying images. We include a few potential results for baselines
that require ne-tuning to demonstrate sensitivity to subjective stopping conditions.

Fig. 6: Phase retrieval from MNIST 8's. We demonstrate

our method described in IlI-B to perform phase retrieval on

150 images. For the Fourier phase retrieval setting, we show

examples from the two observed modes of the posterior. For

the Gaussian phase retrieval setting, we show the mean dfid. 7: Visualization of the intrinsic resolution of the

standard deviations of our reconstructions. EHT compressed sensing measurementshe EHT measures
sparse spatial frequencies of the image (i.e., components of the
image's Fourier transform). In order to generate the underlying

noising a collection of noisy images of a single face frorf?age (C). all frequencies in the entire domain of (a) must be

. R sed. Restricting spatial frequencies to the ones in (a) and (b)'s
the PubFig [28] dataset in Fig. 4. The measurements &r"een circle generates the target (d), where (b) is a zoom in

both are dened byy = x + where N (0; 2l) of (a). The EHT samples a subset the interior of the green
with an SNR of -3 dB for the MNIST digits and an circle, indicated by the sparse black samples in (b). Naively
SNR of 15 dB for the faces. Our method is able tdecovering an image using only these frequencies results in the
remove much of the added noise and recovers small scf&Y image (e), which is computed bA™y. The 2D spatial
features, even with only 10's of observations. As shovv-gourler frequency coverage represented wihv) positions
e : . Is referred to as the UV coverage.
in Fig. 3, the reconstructions achieved under the learned
IGM improves as the number of independent observa-
tions increases. Our reconstructions also substantially
outperform the baseline methods, as shown in Fig. eonsider two types of measurements, one whHe(e
Unlike DIP, our method does not overt and does nois the Fourier transform and the other whieif ) is an
require early stopping. Our method does not exhibid n complex Gaussian matrix wittn = d0:1ne. Since
noisy artifacts like those seen in all baselines methoddach measurement is the magnitude of complex linear
despite such methods being ne-tuned. measurements, there is an inherent phase ambiguity in
the problem. Additionally, ipping and spatial-shifts are
possible reconstructions when performing Fourier phase
Here we consider solving non-convex inverse prolretrieval. Due to the severe ill-posedness of the problem,
lems, and demonstrate our approach on phase retrievapresenting this complicated posterior that includes all
Our measurements are described Yoy= jF (x)j + spatial shifts is challenging. Thus, we incorporate an
whereF () is a linear operator and N (0; °I). We envelope (i.e., a centered rectangular mask) as the nal

B. Phase retrieval



layer of G to encourage the reconstruction to be cenelescope array, which is static across different days, and
tered. Nonetheless, ipping and shifts are still possiblthe noise () N (0; ) has a covariance of, which
within this enveloped region. is a diagonal matrix with realistic variances based on
We show results from a set of = 150 noisy phase the telescope propertiesMeasurements are simulated
retrieval measurements from the MNIST 8's class with tom black hole images with a realistic ux df Jansky.
SNR of 52 dB in Fig. 6. In the Gaussian case, we noté/e also visualize a reference “target” image, which is
that our mean reconstructions are nearly identical to thiee underlying image ltered with a low-pass Iter that
true digits and the standard deviations exhibit uncertaintgpresents the maximum resolution achievable with the
in regions we would expect (e.g., around edges). In thelescope array used to collect measurements — in this
Fourier case, our reconstructions have features similardase the EHT array consisting of 11 telescopes (see
the digit8, but contain artifacts. These artifacts are onlfig. 7 and Section IX in the Supplement).
present in the Fourier case due to additional ambiguities,As seen in Fig. 8, our method is not only able to re-
which lead to a more complex posterior [24]. construct the large scale features of the underlying image
C. Black hole imaging without any aliasing artifacts, but also achieves a level

. . . of super-resolution. Our reconstructions also achieve
We consider a real-world inverse problem for which

. . . higher super-resolution as compared to our baselines
ground-truth data would be impossible to obtain. | 9 P P

. : . i.e., AmbientGAN, TV-RML, and DPI) in Fig. 8 and
particular, we consider a compressed sensing probldn o . . . .
. C . ..d0 not exhibit artifacts evident in the reconstructions
inspired by astronomical imaging of black holes wit

the Event Horizon Telescope (EHT): suppose we al?rgom thege t}aselmes. The two AmbientGAN settlngs

iven access t measurement examples of the forpivere qualitatively chosen to show that the nal result is
gn RN - : . sensitive to the choice of hyperparameters. The default
y® = Ax® + () whereAD 2 C™ " is a low-

. : g . AmbientGAN parameters produce poor results, and even
rank compressed sensing matrix arising from interfero-

metric telescope measurements and denotes noise with ne-tuning to best t the underlying images (e.g.,

) . o cheating with knowledge of the ground-truth), the results
with known properties (e.g., distributed as a zero-mean D : :
. . - - Still exhibit substantial artifacts. Our results demonstrate
Gaussian with known standard deviation). The collection :
. (i) N . that we are able to capture the varying temporal structure

of imagesf x'" g1, are snapshots of an evolving black . : .
. L . of the black hole, rather than just recovering a static
hole target. This problem is ill-posed and requires the o . .
|rgage. It is important to note that there is no explicit

use of priors or regulla'rlz.ers to'recover a reason".’lbtemporal regularization introduced; the temporal smooth-
image [12]. Moreover, it is impossible to directly acquire ¢ i implicitly inferred by the constructed IGM.

example images of black holes, so any pixel-level prior b) Imaging Sar A from multiple forward models:

de ned a priori will exhibit human bias. Recovering anThe framework we introduce can also be applied to
image, or movie, of a black hole with as little human biag’ituations in which the measurements themspeplves are
as possible is essential for both studying the astrophysics, . .

. -Induced by different forward models. In particular, the
of black holes as well as testing fundamental phySICmseasurement[sy(‘) = 1M (x)+ Mg\ are given b
[11, 14]. We show how our proposed method can be - 9i=1 9 y

ing i () 0) i
used to tackle this important problem. In particularan underlying image”, a forward modef *” that is

. . . |) .
we leverage knowledge that, although the black hof)rc?slefti;z that observation, and noisé with known

evolves, it will not change drastically from minute-to- As an illustrative example, we consider the problem of
minute or day-to-day. We study two black hole targets: . . ’
Y y y g constructing a video of the black hole at the center of

the black hole at the center of the Messier 87 galaxrﬁe Milky Way — Sagittarius A (Sgr A ). Unlike M87

(M87 ) and the black hole at the center of the Milk .

Way galaxy — Sagattarius A* (Sgr A Sgr A evolves on the order of minutes. Therefore, we
a) Imaging M87 using the current EHT array: can only consider that the black hole is static for only a

We rst consider reconstructing the black hole at théhoré time v;/rr]lenblonlli/: |SUD_IS_EF of teliatsc_opes da.‘]ffe abie

center of the Messier 87 galaxy, which does not evoljg opbserve the black hole. This results in a difteren

noticeably within the timescale of a single day. Th easurement forward model for each frame of the black

underlying images are from a simulated 60 frame vid ple mowe(i.) [_15]'“')” ([i))artm:!?r,Nthe measu[%ments are

with a single frame for each day. We show results op ven b_yfy_ = A X (i)g‘.:l’ wherex' is the

N =60 frames from an evolving black hole target Withundgrlymg image at time, A™ is the for_ward modgl

a diameter of 40 microarcseconds. as was identi ec]that incorporates the telescope con guration at that time,

() O i (ON i
as the diameter of M87 according to [39, 13] in Fig. 8"?md . .N (O’. . ) Is noise whgrg 'S a diagonal
In particular, the measurements are given fy) = matrix with realistic standard deviations derived from the

H H N H . . .
Ax D) + ] (I)gi_:l , Where x() is the underlying image “We leave the more challenging atmospheric noise that appears on
on dayi, A is the forward model that represents theneasurements to future work.
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Fig. 8: Recovering a 60-day video of the M87 black hole with the EHT telescope array.eft: We demonstrate our
method described in 11I-B using simulated measurements from 60 frames of an evolving black hole target with a forward model
described in Fig. 7. Here we show the underlying images, dirty ima®g ( see Fig. 7), and mean reconstruction, respectively.
Additionally, we show the unwrapped space x time image, which is taken along the overlaid white ring illustrated in the day 1
underlying image. The bright-spot's temporal trajectory of our reconstruction matches that of the truth. Right: We compare our
method to various baselines methods. Our results are much sharper and exhibit less artifacts than AmbientGAN and TV-RML
with weight . Note that include results using AmbientGAN using both default parameters and ne-tuned parameters.

sparsely sampled. Although these results come from
simulated measurements that do not account for all forms
of noise we expect to encounter, the high-quality movie
reconstructions obtained without the use of a spatio-
temporal prior show great promise towards scientic
discovery that could come from a future telescope array
paired with our proposed reconstruction approach.

V. THEORY FORLINEAR IGMs

We now introduce theoretical results on the inferred
IGM for linear inverse problems. Speci cally, we con-
sider the case when the IGNE is linear and the
latent variational distributions are Gaussian. The goal
of this section is to develop intuition for the inferred
IGM in a simpler setting. While our results may not

Fig. 9: Visualization of the EHT forward model of Sgr A generalize to non-linear generators parameterized by

over time. The spatial frequency space coordinates of Sgr A_d(??p neural networks, our results aim to provide an
from the ngEHT [40] array measured over a course of origitial understanding on the inferred generator.
night is shown on the top. Snapshots of the coordinates thatMore concretely, suppose we are givish measure-

are measured at different times are shown on the bottom. Ngifant examples of noisy linear measurements of the form
that the location and sparsity of the measurement coordinates

changes over time. y(i) = Ax+ O )N 0; 21)

whereA 2 R™ " with m 6 n andx() 2 R". We aim
telescopes’ physical properties. The measurement nof§enfer G 2 R” ¥ with k <n and latent distributions

is consistent with a black hole with a ux of 2 Janskysd ® = N( i;UiUT) where ) = f ;;Uig, i 2 R¥,

The measurement operator is illustrated in Fig. 9. andU; 2 R¥ ¥ by minimizing the negative ELBOProxy:
We show examples of reconstructing 60 frames of _ LN _

Sgr A with a diameter of 50 microarcseconds usingLy (G ;f (Vg):= R 0 109 p(yjG (2))

measurements simulated from a proposed future next- i=1

generation EHT (ngEHT) [40] array, which consists of logpz (zjG ) +log q o) (2)]: (5)

23 telescopes. These results are shown in Fig. 10. Ou
reconstructions remove much of the aliasing artifacts[

. . . . . e
evident in the dirty images and reconstructs the prima
features of the underlying image without any form o . . .
temporal regularization. These results have high delitfheorem 1. Fix > Oand lety® = Ax()+ () 2 RP
especially considering that the measurements are véoyi 2 [N]where () N (0; 21)andA 2 R™ " has

We characterize the generatGr and latent param-
ers ) = f i+ U; g that are stationary points of (5).
he result is proven in Section X:
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Fig. 10: Recovering a video of the Sgr A* black hole with a futuristic telescope array over the course of a nighiVe
demonstrate our method described in 11I-B to perform video reconstruction on 60 frames of a video where the measurements
for each frame is generated by different forward models given by imaging SgHAre we show the underlying image, the

dirty image A" y), the mean of the reconstructed posterior, and a visualization of the measurement coverage in frequency (UV)
space. Additionally, we show the unwrapped space x time image, which is taken along the white ring illustrated in the 4:00
UTC underlying image. The bright-spot's temporal trajectory of our reconstruction matches that of the truth. The measurement
noise is consistent with a black hole with a ux of 2 Janskys.

k < rank(A) = m 6 n. De nesthe sample covariance VI. CONCLUSION
— N () (i
of the measurementéy = g i YO(y™)T. Then, | this work, we showcased how one can solve a set
with probability 1, G , ;, andU; that satisfy of inverse problems without a pre-de ned IGM (e.g.,
AG = Ex(Ly  21)¥?R; image prior) by leveraging common structure present

AT AT 208 1T AT D). across the underlying images. We demonstrated that even
i =(GTATAG + 1) "G A y!"; and with a small set of corrupted measurements, one can

U = (GTATAG + ?I) R, jointly solve these inverse problems by directly inferring

fori 2 [N] are stationary points of the objectiyg) over an IGM that maximizes a proxy of the ELBO. We
Rk (RK GL(k:R)N whereGL(k:R) denotes the demonstratg our method on a num_ber of convex gnd
set of real invertiblek  k matrices. HereF, 2 R™ k non-convex imaging proplems, including Fhe challelngmg
oblem of black hole video reconstruction from inter-

denotes the matrix whose columns correspond to tﬁé . 0 I K sh
top-minf rank(Yy ); kg eigenvectors offy , Ly 2 Rk & erometric measurements. Overall, our work showcases

contains the corresponding eigenvalues 4, and the possipilities of solving iqverse problems in a.“prior—
R:R 2 RK ¥ are arbitrary orthogonal matrices. If free" fash_|on, free from signi cant huma_m bias typical of
rank(Yy) < k, then forrank(Yy) < i 6 k, thei-th |II—pos.ed image reco_nstrucnon. We believe our approagh
column ofEy can be arbitrary and_y;i = can aid automatic discovery of novel structure from sci-

' enti c measurements, leading to potentially new avenues
for scienti ¢ discovery.

The Theorem establishes the precise form of station-
ary points of the objective (5). In particular, it shows ) ) o
that this inferred IGM performs dimensionality reductiol] Hirotugu Akaike. A new look at the statistical model
akin to PCA [49] on the collection of measurement identi cation. IEEE transactions on automatic con-
examples. To gain further intuition about the Theorem, in trol, 19(6):716-723, 1974. o
Section X-B of the Supplemental, we analyze this resdg] Marcus Alley, Joseph Y. Cheng, William Dally,
in a context where the underlying images we wish to Enhao Gong, Song Hann, Morteza Mardani, John M.
reconstruct explicitly lie in a low-dimensional subspace. Pauly, Neil Thakur, Shreyas Vasanawala, Lei Xing,
We show that, in that setting, our estimator returns an and Greg Zaharchuk. Deep generative adversarial
approximation of the solution found via MAP estima-  Networks for compressed sensing (gancs) automates
tion, which can only be computed with complete prior M- arXiv preprint arXiv:1706.000512017.
knowledge of the underlying image structure. While thE3] Joshua Batson and Loic Royer. Noise2self: Blind de-
Theorem focused on linear IGMs, it will be interesting  NOiSing by self-supervision. Imternational Confer-
to theoretically analyze non-linear IGMs parameterized ©€Nc€ on Machine Learningages 524-533. PMLR,
by deep networks. We leave this for future work. 2019.
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VIl. EXPERIMENTAL DETAILS

a) Model selection: We parameterize the |

14

| . In particular, suppose our latent variables | (s)
wheres N (0;1). Then,
1

, di (s)

ds

2 where () denotes the likelihood of the base distribution
2 of s, which in this case is a Gaussian. For our priorzon
2 given G , we use an isotropic Gaussian prior. Then the
ELBOProxy equation becomes

3 ELBOProxy(G ;q;y) = E, | (»[logp(yiG(z))
*log p(zjG), loga (2)]

logg (z) =log (s) log det

4
4 = Esn (o) logp(yiG (I (s)))
5 1 )
+ EkI (s)k5 log (s)
6 i
+log det dldgs) :

7 Note that the expectation ovésg (s) is constant with
grespect to the parameters so we only optimize the
9 remaining terms.

VI,

a) Optimization details:Given a generatoG. for
a classc, we optimized theELBOProxy with respect
to the parameters of the Normalizing Flow. For
denoising, we optimized fob000 epochs with Adam
[3] and a learning rate ofl0 # and setT 200.
For phase retrieval, we optimized f@b00 epochs with
Adam and a learning rate df0 4 and setT = 1000.
The entire experiment took approximatel@=15 hours
for denoising/phase retrieval, respectively, on a single
NVIDIA V100 GPU. When optimizing the owh
for a particular generatds., we record the parameters
15 with the bestELBOProxy value. This is the nal value
recorded in the gure. To generate the mean and standard
15 deviation, we used 00 samples.
b) Network details:The generatoG. corresponds
1%o the decoder part of a VAE [4] trained on the training
18set of classc of MNIST. We used a convolutional
20 architecture, where the encoder and decoder architecture
contained4 convolutional layers. There are also linear,
fully-connected layers in between to learn the latent
representation, which had dimensib& The Normaliz-
ing Flows used the RealNVP [1] architecture. In both
0 problems, the network had6 afne coupling layers
21 with linear layers, Leaky ReLU activation functions, and
batch normalization. After each af ne-coupling block,
the dimensions were randomly permuted.
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A. Inferring the IGM

atent a) Variational distribution: We parameterize the

variational distributionsq (z) with normalizing ows posterior using Gaussian distributions due to memory



constraints; the memory of the whole setup with NormaB. Array used for the Sgr Aresults

izing Flows using 75 images is around 5 times larger than

the setup using a Gaussian variational family. However, NAME X Y Z
the Gaussian variational family is likely not as good ALMA 2225061 -5440057 -2481681
of a variational distribution, so there will be a wider ~APEX 2225040 -5441198 -2479303
margin betweerp(yjG) and the ELBO. Additionally, GLT 1500692 -1191735 6066409
the Gaussian variational family will not be as good at JCMT  -5464585 -2493001 2150654
capturing multi-modal distributions. Note that we do not KP -1995679 -5037318 3357328
notice over tting so there is no need for early stopping. LMT -768714 -5988542 2063276
SMA -5464523 -2493147 2150612
b) IGM network details.:We use a Deep Decoder SXJTA gégg?g igigggz g’ggzggg
[2] generator architecture as the IGM with a dropout of
10 “. The deep decoder has 6 layers of hidden size 150, %:13 igggggg 3223888 2?22888
and has a latent size of 150. There is a sigmoid activation CNI 5311000 -1725000 3075000
as the nal layer of the generator.
GAM 5648000 1619000 -2477000
o _ _ GARS 1538000 -2462000 -5659000
c) Optimization details.: We train for 99,000 HAY 1521000 -4417000 4327000
epochs using the Adam [3] optimizer with a learning rate Nz -4540000 719000 -4409000
of 10 4, which takes around 54 hours for 75 images and QyRO  -2409598 -4478348 3838607
4 hours for 4 images on a single NVIDIA A100 GPU. SGO 1832000 -5034000 -3455000
We use a batch size of 20 samples per measurement cag 1373000 -3399000 -5201000
I, and we perform batch gradient descent based on all | | o 2325338 -5341460 -2599661
measurements2 f 1,:::;Ng. PIKE  -1285000 -4797000 3994000
PV 5088968 -301682 3825016

X. SUPPLEMENTAL THEORETICAL RESULTS

We present proofs of some of the theoretical results
that appeared in the main body of the paper, along with
IX. EVENT HORIZON TELESCOPEARRAY new results that were not discussed. Throughout the
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proofs, we lek kj, k k, andk ke denote the Euclidean

norm for vectors, the spectral norm for matrices, and
the Frobenius norm for matrices, respectively. For a

matrix M 2 R™ " |et

i-th singular value and eigenvalue, respectively (ordered
in decreasing order). Ldt, denote then
matrix. We may usd for simplicity when the size of

the matrix is clear from context. To avoid cumbersome

A. Array used for the M87results

i(M) and (M) denote the

n identity

notation, we sometimes use the shorthand notdfidn

for E;p [].
NAME X Y Z
PDB 4523998 468045 4460310
PV 5088968 -301682 3825016
SMT -1828796 -5054407 3427865 A. Proof of Theorem 1
SMA -5464523 -2493147 2150612
LMT -768714 -5988542 2063276 We rst focus on proving Theorem 1. To show this, we
ALMA 2225061 -5440057 -2481681 rst establish that theeLBOProxy loss can be evaluated

APEX 2225040 -5441198 -2479303 in closed-form:

JCMT -5464585 -2493001 2150654

CARMA -2397431 -4482019 3843524 Proposition 2. Fix > 0 and supposg") := Ax() +

KP 1995679 -5037318 3357328 M, @

GLT 1500692 -1191735 6066409 Then the losg  : R" X

N (0; 21)fori 2 [N]whereA 2 R™ ",

(R< Rk K)N 1 Rin (5)
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can be written as

X h i - 1 T Ty 1
Ni 2712 ky(l)k%.}. kKAG U, k'2: + KAG ik% Ey [logq (V)] = EEV (v ) (UUT) (v )
= 1 Klog2 ) LiogjdetuuT)
SOAG i+ S(KUKE + K 1K) 2 L 2
R = JE (Uz+  )TUUT) Yuz+ )
logdet(U) 5 log(2 ): k2

5 log(2 ) %Iogj det(UUT)j
Proof of Proposition 2.Since the loss is separablefh

and expectation is linear, we can consider computing
the loss for a single 2 [N]. Dropping the indices for

1
= z'uT(uu") tuz

k 1 . .
notational simplicity, consider a xegt = Ax+ 2 R™ > log(2 ) > logj det(UUT)]
.2 H
where N (0; “ly). We aim to calculate kK k
. . = - —=log(2 ) logdet(U)
Ev[ logp(yiG (v)) logp(vjG ) +log q (v)] 2 2

where we used the second half of Lemma 1 in the last
equality andlogjdet(UUT)j = 2logdet(U) in the last
equality. Adding the terms achieves the desired result.
O

wherep(yjG (v)) is Gaussian with variance?, p(vjG )
is isotropic Gaussian, and g = N(;UU 7). Note
thatv N (;UU T) is equivalent tov = Uz+ for
z N (0;1x). We can calculate the individual terms
in the loss as follows. We rst collect some useful
results, whose proofs are deferred until after this pro&roof of Lemma 1For the rst claim, letU = ESVT
is complete: denote the singular value decompositiorofvith E and
V square and unitary. Then by the rotational invariance
of the Gaussian distribution and thg-norm, we have

E kUzk3 = E,KESV T zk3 = E,kSzk3

Lemma 1. For any matrix U 2 RY K, we have rak( V) , ,
E,kUzk3 = kUkZ wherez N (0;ly). Moreover, if = i(U)°Ez [27]
UUT is invertible, thenE,[zZ" UT(UUT) tUz] = d. i=1

ran}((u)

i(U)? = kUK2:
i=1

, o . For the second claim, recall that UT (UUT) Uz =
Now, for the rst term, since the noise is Gau55|a|pUT(UUT) 1U:27"i where PA;Bi = Tr( ATB) is

. . A
with variance , it is equal to the Hilbert-Schmidt inner product for matrices. Using

1 1 linearity of the expectation and the cyclic property of
E,——ky A + )K= = kykZ y P yclic property
232 G 1(UZ ke 2 2V the trace operator, we get
+ B, 55KAG (Uz+ )ik E,[zZ"UT(UU") Uz = E,hUuT(UUT) U;zZi
— T T 1y- T1:
%EZW;AG (Uz+ )i = h'uu') *UE,[zZ"]i
1 = hUT(UUT) TU;l,i
=53 kyk3 + KAG UkZ + KAG k3 =Tr( UT(UUT) ')
%W;AG i =Tr(UUT(UUT) b
=Tr( 1g4) = d:

where we used the rst part of Lemma 1 in the third
equality. For the prior term, we can calculate using H
Lemma 1 again
We now prove Theorem 1. Our proof essentially
1 computes the stationary conditions of the Iass and
E/[ logp(viG )] = EZEkUz+ k% computes the rst-order critical points directly.

1
= Z(kUKZ + k K3): ) i
2 Proof of Theorem 1Using standard matrix calculus,
Finally, we can calculate the entropy term as the gradient of the objective with respect to each
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parameter is given by $ | we can further simplify the above equation to

h - 2 la.
1hq YNES = 2ES !s:
roln= 5o ATAG (UUT+ ) N
i=1 Now, supposeS; = {(AG )= ; 6 0. Then we
1 i have that tha-th column ofE, denotede;, satis es
NI ATy T 2 1
N ' i
1|:1 Ve = %1 e SR
ruln = 3GTATAG Ui+ U (UT) % and o _ ' L
That is,€g is an eigenvector ofy with eigenvalue | =
Ly = %(GTATAG L OGTATYy+ 2(.1 f:( 2+ 2)_) L Obﬁerve that this quation is
satis ed if and only if ; = i 2, Smﬁe singular
For a xed G , we can directly compute which; and values are non-negative, we must haye= i 2;
U; satisfy the stationary equations Ly = 0 and Note that if S5 = 0, theng can be arbitrary. Thus,
ruyln =0: we obtain that in order fo to satisfy the stationary
. =(GTATAG + 2I) 1GTATy(and condition, it must satisfy
Ui - (GTATAG + ZI) lZZR— AG = Ek(l_k 2|)1:2R

whereEy contains the toprinf rank(Yy ); kg eigenvec-

whereR is an arbitrary orthogonal matrix. X ; : X )
tors of Yy, Lk is a diagonal matrix whoseth entry is

We now calculate, given such; and U;, which G i with corresponding eigenvecter and 2 otherwise,
satises the conditionr ¢ Ly = 0. For notational 5nqR is an arbitrary orthogonal matrix.
simplicity, let = G'TATAG + 2l. Plugging in 0

i and U; into the stationary conditiom ¢ Ly = 0,

this equation reads
ATAG ( 2+ GTATYZWAG ) ! o .
T 1 B. Application: Denoising Data From a Subspace
= A" YWAG :

Since A has rankm, AAT is invertible, so we can In order to gain further intuition about Theorem 1, it
multiply both sides of the equation on the left byVill be useful to consider an example where the data
(AAT) 1A and the right by  to obtain explicitly lies in a I_ow-dlmensm_)nal subgpace. We_ will
then compare our inferred estimator with an estimator
(Im AG 'GTAT)YyAG = 2AG : (6) that has access to complete prior knowledge about the

Now, consider the SVD oAG = ESVT whereE 2 data.
R™ ™ andV 2 R* X are orthogonal an& 2 R™ K is Consider the denoising proble/ = | and suppose

rectangular with non-zero diagonal submatrix containingat each ground-truth image is drawn at random from a
the singular values ohG denoted bys 2 R . First, K-dimensional subspace as follows? = Gz" where
observe that G 2 R" Kandz(® N (0;1). If we had access

to the ground-truth generating matr® and knew the
AG 'GTAT = ESVT(VSTSVT + 2 ) 'VSTET underlying distribution in the latent spabtk(0; 1), then
ESVT(VS?VT + 21) 'WSTET  one could denoise thieth imagey() by returning the
ESVTV(S2+ 2,) LWTysTgT following MAP estimater(") in the range ofG:

- Es(s—2+ 2|k) lSTET k(') = Gz(')'
i .1 ; 1
- E SA(SP+ 2t o ET: where2() := argmin ~—ky")  Gzkj + Skzkj
0 0 ' 2R 2 2
— (T 21y 1T ().
This implies that y AG ~ GTAT = ES ET where =(GG+ TI) "Gy
oSS+ )t 0 Note that this is the mean of the posterxjy(); G).
$ = 0 | : Now, to compare solutions, observe that our (mean)
m K estimator given by Theorem 1 is

Note that for > 0, § s invertible. Hence, our
stationary equation (6) reads

ESETYWESVT = 2ESVT:

G ;=G (G'G + ?2) 'GTy":

Recall thatG contains the top eigenvectors and eigen-
values of Yy, the sample covariance of the measure-
Using the orthogonality oE andV and invertibility of ments. In the case that our datd) = Gz(), note that
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for suf ciently many example® , the sample covariance can characterize speci ¢ properties of the inferred mean
Yn is close to its meafE,. Yy . That is, for largeN, i as a function of the amount of noise in our measure-

Y E.Ye=GG™+ 2| ments and a xed IGMG 2 R" X. Speci cally,_ given

N z, N ' measurementg and an IGMG , recall that the inferred

To see this more concretely, 1& = Eé_v T denote mean computed in Theorem 1 is given by
the SVD OfG Then GGT + 2| = E ET Where o 2 2 TAT 1~T AT
 has {(G)2+ 2 in the rst k diagonal entries ()= ( G ATAG +1) "G A%
and 2 in the remainingn  k entries. So in the limit We will give an explicit form for ; ( ) as the amount
of increasing datas estimates the tog-eigenvectors of noise goes t® and show that, in the case our IGM
of E;. Yy, which are precisely the tolp- principal is correct G = G for some ground-truti@), the mean
comrponents of5. Moreover, the singular values @&  recovers the ideal latent code with vanishing noise.

are 2 where ; = i(Yn). As data increases,

pi(YN) i(Ez. Yn)= i(G)?+ 2sothat (G )= Proposition 4. Suppose 2 R™ "andG 2 R" kkwith
i 2 i(G). Thus the singular values & also k 6 m 6 n. Lety; :== AGz; + ;| wherez; 2 R* and

approach those db. i N (0; 21)fori=1;:::;N.Then, with probability

A natural question to consider is how large the numbd; foranyG 2 R" ¥, the estimator ; () for z de ned
of examplesN would need to be in order for such an@bove satis es
approximation to hold. Ideally, this approximation would im . ()=(AG )YAGz 8i2 [N];
hold as long as the number of exampscales like the o
intrinsic dimensionality of the underlying images. Foln the special case that = G and rank(AG) = Kk,
example, the following result shows that in the noiselesgen
case, this approximation holds as long as the number of i )
examples\ scales likek, the dimension of the subspace. m i ()=28i2[N]
The proof follows from standard matrix ConcentratiOWoreover, ifrank(AG ) = rank( AG) = k, then we get

bounds, e.g., Theorem 4.6.1 in [5]. that the following error bound holds for all 2 [N]
Proposition 3. Fix G 2 R" ¥ and lety() = Gz() with probability at leastl Ne ™ for some positive
wherez(® N (0;1) for i 2 [N]. Then, for any" > absolute constant:

0, there exists positive absolute constafits and C,

such that the following holds: iN > C;" 2k, then

wit probability 1 2e k the sample covariancéy = K i( ) zks 6 kAGzik; k('SG )% 2
Aoim YOM)T obeys *2 (AG) “'m
Yn  GG' 6 CokGKk?™: +  2k(AG )Ykk(AG)’k kA(G  G)k:
Hence, in the case of data lying explicitly in a low-Proof. For notational simplicity, set . := 2

dimensional subspace, our estimator returns an approg* ATAG + |. Then
mation of the solution found via MAP estimation, which

; X i ( 2 ) lGT AT .
can only be computed with complete prior knowledge of i ; Yi
the underlying image structure. In contrast, our estimator = 2 I1GTAT(AGz + ;)
infers this subspace from measurement information only - 2 IGTATAGZ + 2 1GTAT |
and its performance improves as the number of examples o, it 1 1ATaT
increases. The approximation quality of the estimator is - TG ATAGzZ + G AT
intimately related to the number of examples and thghere we note that any, N (0; 2I) can be written
intrinsic dimensionality of the images, which we shows , =~ where~ N (0:1). Observe that
can be quantied in simple settings. While our main 1 T AT s oy 1
result focused on IGMs inferred with linear models, it is -=( “G'A'AG + 1)
an interesting future direction to theoretically understand = 2G'ATAG + ?21) 1

properties of non-linear IGMs given by deep networks,
and what can be said for more complicated forward"'¢€ (cA
models. We leave this for future work. i

)y = c A for c 6 0. This simplies

()=(GTATAG + 21) 'GTATAGz
C. Additional Theoretical Results + (GTATAG + 21) 1GTAT~:

We can further analyze properties of the model fountb compute the limit of the expression above, we recall
by minimizing Ly from Theorem 1. In particular, we that the pseudoinverse of a mattit is a limit of the
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form Thus, for ; > 0, we have that

MY:= lim (MTM+ 1) IMT (GTATAG + 21) ! (GTATAG + 2I) YIG AT

o+

= (VSVvT+ 21yt (vsivT+ 21) T ysuUT
=V (S%+ ?21) Y (s?+ ?21) tvTvsU'
Note that this quantity is de ned even if the inverses of_ 2 20y 1 2 20y 1 T.
MM T orMTM exist. Applying this toM = AG , we V(ST (S7+ 71) ~ SU
observe that Thus, we conclude by rotational invariance of the spec-

|im+ (GT ATAG + 2|) lGTATAGZi - (AG )yAGZi tral norm, we obtain
[B0] k(GTATAG + 2|) 1G AT

= Ilin})+MT(MMT+ 1)

and (GTATAG + 21) 1G ATk
; TAT 21y 1T AT
I!Irr(}+ (GTA'AG + “1) "G A"~ = (S2+ 2) ! (S2+ 2y ls
= lim lim (GTATAG + 2I) 1GTAT~ Recall thatS is a diagonal matrix containing the singular
Lo Lo values ofAG . Let ; denote thea-th singular value of
=0 (AG )Y =0: AG fori = 1;:::;k. Then by direct calculation, we
have that
Combining the above two limits givdsn |, o- ;( )=
(AG )YAGz; as claimed. (S2+ 1)t (s?+ ) ts
1 1
For the special case, sincAG 2 R™ X has =ma|i< i 7y 2 7. 2
rank(AG) = Kk, the pseudoinverse oAG is given 12[k] (i 5 2) i
— TAT 1T AT ; ; i
by (AG)Y = (G'"A"AG) “G'A". Applying this to =max — i M ~
M = AG, we observe that i2lk] ( 7+ A+ 2)
lim (GTATAG + 2I) 'GTATAGz Taking the limitas ! 0", we obtain
Lo TAT 2 1~T AT y
= (AG)'AGZ; = 7 k(G'A'AG +2- 1) "G'A (AG )’k
=max ————-
Now, for the error bound, we note that for> 0, we i2fk] i( £+ ?)
have by the triangle inequality, 6 2 %
ki() zke6k;() Ilm ;()k This additionally shows that for any > O,
! o*
+klim () zke k(GTATAG + 21) 'G ATk
1 0t _ (SZ+ 2|) 1S
so we bound each term separately. Recall that we have 1,
shownlim , o+ () = (AG )YAGz;. For the rst 6

term, observe that Let En be the event thamax;,yk~k2 6 P . By

k. () (AG )YAGzik, a single-tailed vari?nnt of Corollary 5.17 in [5], we have
AT DN LT AT y " P(EN) > 1 Ne for some absolute constant

6 k(G'ATAG + “I) "G ATAGz (AG )’AGZiK o Thys, with the same probability, we have that the

+ Kk(GTATAG + ?) 1GTAT~k following bound holds:

6 K(GTATAG + 21) IGTAT (AG )YkkAGzk; KGTATAG + 2) 1GTAT~k, 6 2 klpm
TAT 2y 1T AT

* KGTATAG + %) TG AT~k For the termklim |, ¢+ () zkz, note that we

Let AG = USVT denote the singular value decomhave
position of AG . ThenGTATAG = VSU'USVT = y ke = y , y ,
VSV, This implies that k(AG )YAGz; ziky, = kK(AG )YAGz; (AG)AGzk;
6 kK(AG )Y (AG)’k kAGzikz
(GTATAG + 21) 'G AT

S (VST + 2]) lysuT: wherek k is the spectral norm. Assumingnk(AG ) =

rank(AG) = k, we can apply Theorem 4.1 in [6] to

Moreover, sinceV is orthogonal, we have that bound
(VSVT + 21) T=(vs?vT + 2yyTy t k(AG )Y E)AG)yk
= V(SZ+ ?21) vT 6 2k(AG )YKk(AG)YKkA(G  G)k:



20

Combining this bound with the previous equation yields
the desired inequality. O

D. Further Discussion oELBOProxy

In Section IlI-A, we showed that thELBO is equal
to theELBOProxy for injective or invertible generators
G with approximate posteriods induced byG. While
this equality may not hold for non-injective networtss
we expect this proxy to be a reasonable estimate for the
ELBO via the following heuristic argument. Consider the
distribution G]p(zjG) copyolved with isotropic Gaus-
sian noise:p (XjG) = p (Xjz;G)p(zjG)dz where
p (Xjz;G) = N(G(z); 21) for L1fx h =
G]q , thenx = G(zp) for somezy q . For any small

> 0, observe that the likelihood for such ancan
decomposed igto two terms:

p (XjG) = , P (G(20)jz; G)p(zjG)dz

= P (G(20)jz; G)p(zjG)dz
Zkz Zok26
+ p (G(20)jz; G)p(zjG)dz:
kz zoky>
For smooth generator& and suf ciently small, we
would expectG(z) G(zp) for z Zo SO that the
densityp (G(z0)jz; G))p(zjG) is constant in a neigh-
borhood ofzy, making the rst term C p(zyjG) for
some constant . Moreover, ifG(zp) is of suf ciently
high likelihood, we would expect the second term to
be negligible for 1 so thatEx p [logp (XjG)]
E; 4 [logp(zjG)] (up to a constant).

XI. FULL MODEL SELECTION RESULTS

In this section, we expand upon the model selectidfig. 11:Full model selection results for denoisingWe show-
results using theELBOProxy in Section Ill-A in the case further results on model selection with generative net-

main text. The experimental setup is the same Whe\p/é)rks for denoising. Left: the two leftmost columns correspond
. ) | . del f I, tQ'the ground-truth imagg. and the noisy measurements.
we aim to select a generative model for a class @enter: we show the means of the variational distributions

MNIST in two different inverse problems: denoising an@jiven by the IGM trained on a particular class. Interesting
phase retrieval. The full array &LBOProxy values for examples in which th&€LBOProxy values are close to one

Fig. 12 corresponds to the ELBOProxy achieved by each model in

reconstructing the images. Here, lower is better. We highlight
entries with green boxes with the bestELBOProxy values
XII. A DDITIONAL RESULTS in each row.

In this section, we expand upon the results for infer-
ring the IGM using the methods described in Section
[1I-B of the main text.

the IGM trained as shown in Fig. 4 in the main body.
We show additional results on denoising 95 images of

In Fig. 4 of the main body, we showed results for decelebrity face B in Fig. 14 along with samples from the
noising 95 images of celebrity A. We include additionaposterior in Fig. 15. In both cases, our reconstructions
visualizations of the posterior by showing samples fromre much less noisy than the measurements and sharpen
multiple posteriors in Fig. 13, which are generated frorthe primary facial features.

A. Denoising
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distribution is not expressive enough to capture the
multi-modal structure of the true posterior in the Fourier
phase retrieval problem.

Fig. 12: Full model selection results for phase retrieval We
showcase further results on model selection with generative
networks for phase retrieval. Left: the two leftmost columns
correspond to the ground-truth image and the noisy mea-
surementsy.. Center: we show the means of the variational
distributions given by the IGM trained on a particular class.
Interesting examples in which thELBOProxy values are
close to one another are highlighted in red. Right: each row
of the array corresponds to the ELBOProxy achieved
by each model in reconstructing the images. Here, lower is
better. We highlight entries with green boxes with the best
ELBOProxy values in each row.

B. Phase Retrieval

We show additional results from phase retrieval with
150 images of MNIST 8's in Fig. 16 and Fig. 17. The
examples shown in Fig. 16 are from the Fourier phase
retrieval measurements whereas the ones in Fig. 17 are
from Gauss phase retrieval measurements. These are in
addition to those shown in Fig. 6 in the main text.
Note that the simple, uni-modal Gaussian variational
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